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Abstract

The Hardy operator is defined on sequence and function spaces. Its boundedness can be deduced from the so called Hardy inequaltity in both its discrete and continuous forms.
We presented different proofs of this inequality that go back to Hardy, Elliot and Ingham among others. In [BHS65] Brown, Halmos and Shields published further aspects on the
discrete unweighted Hardy operator h? on the Hilbert space [2. They proved important statements about the spectra and point spectra of h? and its dual operator. We investigated
how far the results in [BHS65] are applicable to the Hardy operator on the weighted sequence space I*(N, \).

Definition of the Hardy Operator The work of Brown, Halmos and Shields

Let p > 1, A = (\,)nen a sequence of positive weights. Let [?(N, \) be the space of Properties of the Hardy operator h, on [%(= 2(N, (1),en)):

all sequences a = (an)nen of complex numbers with e The dual operator h} of hy on [? is defined by

h; : Z2 — l27 (an)HEN = < ;c:n %)nEN ’

H( Qnp rLGNHlp N,\) ZATL ’an‘p < 00,

n=1 o Let dy: 1> — 1%, (ap)nen — (%)%N and id be the identic map on (2, then:

Let L? be the space of all (equivalence classes modolo equality almost everywhere (id = h)(id — 3) = (id — dy) and [Jid — hz”cp =1

of ) measurable functions f : (0, co C with
) f:(0,00) = e Forall 0 # a € 1% ||(id — he)al|,, < ||a|.

1= [ 5@l do < o0
0 Theorem 3: The spectra of hy, and hj:

1. The point spectrum of hy is empty.
Let (an)nen € IP(N, M) and f € LP.

N 2. If |1 — Al < 1, then X\ is a simple eigenvalue of hs.
The discrete weighted Hardy operator h, "’ on [P(N, \) is defined by

3. The point spectrum of hj is the open disc {\: |1 — A| < 1}.

\ > o1 Ak 4. The spectrum of hy is the closed disc {\: [1 — \| < 1}.
h]() )(an)nEN =\ = .
neN

n
k=1 Ak

The continuous Hardy operator H, on L” is defined by

Results for the weighted Hardy operator on [*(N, )\)

_y
T J0 As in [BHS65] we deduced:
for (almost all) = € (0, 00). o The dual operator hS"" of hSY on 12(N, \) is defined by

M o0 LAk
B BN, N) = BNA), (@nner = (00, 32)

The Hardy Inequality o Let dY : 2(N,\) — I2(N, A), (ap)nen — (AA—)  and id be the identic map
n/J ne
_ _ . - on I2(N, )\), then:
Theorem 1: The discrete weighted Hardy inequality:
Let p > 1, (a)new € IP(N,A), ap > 0 for all m € N, let A, = 3" A, and (id = h§")(id — 1) = (id — ") and [Jid — | <.
A, =11 Akag. Then: op
o For all 0% a € I2(N, \): H(@d - hg”)aH <l .
o0 A P p p o0
ZATL <_Tl> S <—) Z)\n@%-
=\ r—1) = () : :
’ For the spectra of ;" and its dual we could infer:
Sketch of proof (after Elliot): Theorem 4:
) bl . ) (A)* : : .
o For all n € N we calculate <%> _ 2, (%> and obtain for arbitrary 1. The point spectra of Ay~ and hy are included in the open disc
n P n {peC:|1—ul <1}
N € N:
2. The spectra of héA) and th)* are included in the closed disc
_ 11— < 1%.
N)\ AN\ D N)\ Anpl <0 {peC:[1—p|l <1}
z;” A, _p_lz;” A, On = - Theorem 5:
" " The point spectrum of hé/\) in general is not empty.
e Applying the Holder inequality completes the proof. Theorem 6: \
The point spectrum of h;  in general is not the complete open disc
]
_ _ _ {p:[1—p| <1}
Theorem 2: The contmuous Hardy inequality:
Let p> 1, fe L, f > 0. Let F(z) = [, f(t)dt for all z € (0, 00), then:
00 p p 0
/ (F(x)) dr < (L) / f(2)Pda. References
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