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Abstract

In this thesis a modified version of the chromatic number is defined and it's asymptotic behaviour is analysed. Using bounds on the usual chromatic number, the asymptotic
behaviour of this modified version can be determined for a considerable range of probabilities. Moreover tuczak’s proof for the asymptotic behaviour of the chromatic number is

analysed and explained in detail.

Definition

Def: Chromatic Number:
A graph G = (V, E) is k-colourable, if there exists a map f : V' — [k] with

f(v) # f(w) for every {v,w} € E

The smallest natural number &, for which G is k-colourable, is called the chromatic
number x(G).

Def: Ly ;-chromatic number:
A graph G = (V, E) is L, 1-colourable with & colours, if there exists a map f : V' — [k]
satisfying the following two properties

|f(v) — f(w)] > 2 for every {v,w} € E
|f(v) = f(w)| > 1 for every v, w which can be connected by a path of length 2

The smallest natural number k, for which G is Ly 1-colourable with k colours, is called
the L ;-chromatic number x2,1(G).

Proof sketch for Lemma 2

Let f: V — [k] be a k-colouring. Without loss of generality f(v) < f(w) for v < w.
Define g : V' — [k + n — 1] by setting g(v) = f(v) + v — 1.
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Then g is a Ly j-colouring with & +n — 1 colours. Using an optimal colouring f we
obtain

x21(G) < x(G)+n—1

Results

Lemma 1: Graphs with diameter 2:
Let G(n,p) be a random graph with edge probability p = p(n). If

p*n — 2logn — oo for n — oo

then diam G < 2 asymptotically almost surely.

Corollary: A lower bound:
Let G(n,p) be a random graph with edge probability

p=p(n) > \/(2—|—s)logn

n

for some € > 0. Then x2,1(G(n,p)) > n asymptotically almost surely.
Lemma 2: Upper bound dependent on the chromatic number:
For any graph G the following holds:

x21(G) < x(G)+n—-1

[Theorem: Asymptotic behaviour of L, -colouring:
Let 0 < e < 1. Assume that

\/(2+€)10gn

n

<pn)<l-ce

for large n. Then asymptotically almost surely the following is true:

2
< G) < 1
n_XQ’l( )_n< +310gn>

History of bounds on the chromatic number

Grimmet, McDiarmid, 1975:
Let 0 < p <1 ande > 0. Then asymptotically almost surely

1 1 n n
——c |l - < x(G < (1 1 .
<2 6) Ogl—p logn_X( (np) < (1+e) Ogl—p logn
Matula, 1987:
Let 0 < p <1 ande > 0. Then asymptotically almost surely
1 1 n 2 1 n
——¢ |l . < x(G < |- 1 :
<2 6) Ogl—p logn_X( (n,p)) < <3+€> Ogl—p logn

Bollobas, 1988:
Let 0 < p < 1 be fixed and set ¢ =1 —p, d = 1/q and

sp = [2loggn — logglogyn + 2log,(e/2) + 1]

Then almost every G(n, p) is such that

n n 3loglogn
— < x(G(n,p)) < — (1 + —lg S >
0 S0 ogn

Bollobas, 1988.
Let 0 < 6 < 1/3 be fixed, let p = n=% and s = [n?{2(1 — 6) logn — 2loglogn}|.
Then almost every G(n, p) is such that

(Gl < g (1 N (410glogn )

» |3

tuczak, 1991:
There exists a constant dy such that if d = d(n) = np(n) > dy and p(n) — 0 then
asymptotically almost surely

d 1_|_loglogd—1
2logd logd

d (1 N 30 log logd>

) <X(Gnp) < 576 e
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