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A polynomial ideal I is a subset of a polynomial ring

k [x1; : : : ; xn] with the properties

� f ; g 2 I ) f + g 2 I

� f 2 I ) h � f 2 I 8h 2 k [x1; : : : ; xn]

Polynomial ideals are usually speci�ed by giving their gene-

rators:

(f1; : : : ; fs) = f
s∑

i=1

hifi : hi 2 k [x1; : : : ; xn]g

We will consider the variety V (I) of an ideal I =

(f1; : : : ; fs), the subset of kn on which all polynomials in I

vanish. Note that

f (x) = 0 8f 2 I , fi(c) = 0 8 i = 1; : : : ; s:

This means that V (I) is the set of solutions of the system

of polynomial equations

fi(x1; : : : ; xn) = 0 8i = 1; : : : ; s
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The solution set of :7 � (x2 + y
2)2 � 8 � (x2 + y

2) + 8� z = 0

Example

It is already possible to solve many problems involving po-

lynomial ideals by using Gröbner bases. However the com-

puting a Gröbner basis is very expensive, i.e. exponential

space complete ([1]).
Our goal is to �nd specialized algorithms that compute only
some speci�c properties of a polynomial ideal but require
less space.

Objective

Intuitively the dimension of a polynomial is the geometrical

dimension of its variety. The rigorous algebraic de�nition

states that:

The dimension of an ideal I is the maximal number of inde-

pendent variables modulo I, where variables xi1; : : : ; xir are

called independent modulo I if the ideal I contains no non-

zero polynomial involving only these variables. We call such

polynomials witness polynomials.

Dimension of a polynomial ideal

The dimension can now be computed by checking whether

the ideal contains such witness polynomials, i.e. whether

the equation

g �
s∑

i=1

gifi = 0;

where g; gi are unknown polynomials has solutions such

that g is non-zero and contains only certain variables. By

comparison of coe�cients we obtain a system of linear

equations of the form

gt �
s∑

i=1

∑
uv=t

fi ;ugi ;v = 0;

where fi ;u is the coe�cient of the monomial u in fi etc.

However there are a priori in�nitely many monomials that

may occur, yielding in�nitely many equations in in�nitely

many unknowns. A result by Bronawell ([2]) can be used to

show that if there are witness polynomials at all, one can

be found within a certain degree bound. This reduces the

number of equations and unknowns to �nitely many and

allows us to write the system in standard matrix form.

By using algorithms for calculating the rank of a matrix

in low parallel time and applying the Parallel Computation

Thesis [3] we obtain from it an algorithm which computes

the dimension of a polynomial ideal with k = Q in working

space polynomial in the input size.
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